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PROBLEMS OF THE CONCENTRATION OF ELASTIC
STRESSES NEAR A CONICAL DEFECTY}

G. Ya. POPOV
Odessa
(Received 16 October 1995)

A method of reducing non-axisymmetric problems of the concentration of stresses near a conical crack er thin conical inclusion
in the form of a conical shell to a system of one-dimensional integro-differential equations is proposed. For the case where there
is torsion of the elastic medium, the exact solution of the corresponding integro-differential equation is obtained. A method of
computing the quadratures (including singular quadratures) to which these problems reduce is given. There is a fundamental
difference between this method and those proposed in [1, 2}, in which special cases are considered in an axisymmetric formulation.
© 1997 Elsevier Science Ltd. All rights reserved.

1. STATEMENT OF THE PROBLEMS AND REDUCTION OF THE LAME
EQUATIONS TO HARMONIC EQUATIONS

We consider an unbounded elastic medium (0 = r < =, 0 < 0 < &, -1t < @ < =) with a conical defect
[3, 4], by which we: mean part of the surface of a circular cone

0<r<R, 0=0, n<@<n (1.1)

where the displacements u,, ug, 4, and stresses Gg, Ta,, Toe have discontinuities of the first kind. A conical
crack (cut), for which only the displacements have discontinuities and the stresses are continuous, is a
special case. Another special case is a rigid thin conical inclusion, that is, a conical shell with mid-surface
specified by relation (1.1). If this inclusion is assumed to be attached to an elastic medium, the stresses
will have a discontinuity while the displacements remain continuous. All these field components will
have discontinuities if the defect is a layered inclusion [3, 4].

The elastic medium is assumed to be arbitrarily loaded with a static load for which the stress and
displacement fields are known

0 0 0 0 0 0
09, Ter, Te‘p, u,, ue, u¢ (1.2)

It is required to find the stress and displacement distributions due to this load when the defect (1.1)
appears in the elastic medium.

In order to reduce the problem to integral equations, we must [3, 4] construct a discontinuous solution
of the Lamé equations for defect (1.1), or in other words, a solution which satisfies Lamé’s equations
everywhere apart from points of the defect (1.2). The jumps of the given displacements and stresses
are assigned at those points. A solution of this kind has been constructed [4] for a specific defect by
solving Lamé’s equations in Trefftz form.

For a conical defect it has proved to be more convenient to use a solution of Lamé’s equations in
Michel’s form [5]. Instead of u,, ug, ug, we introduce the functions

u(r,8,Q9)=ru,, v(r,0,Q)=rsinOuy, w(r,0,¢)=rsin Guq, (1.3)

and their Fourier transforms

T
u, (r,0),v,(r,0),w,(r,0)= | u(r,8,0)v (r,(-),(p?, w(r,8,9)de , n=0,11,%2, .. (1.4)
x 2w exp(ing)

Michel took the basic unknowns as the function u(r, 6, 9), the volume expansion ©(r, 6, ¢) and radial
projection of the rotation Q(r, 8, @), with the transforms of the latter related to (1.3) by the formulae
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rZG,, = (ru, )’ +(sin 0) v . +in(sin 0)2 w, (1.5)
rsin0Q, = w;, —in(sin0)'v,, (1.6)
and reduced Lamé’s equations [6]
2Uorsin® @, -inQ, +rv, ~sin or(r'u,)=0
2uyr2in®, + rsin6Q;, - inr?(rlu,) +r*w; =0 1.7
Mo = (1—p)(1 - 2p)”

(u is Poisson’s ratio, the third Lamé equation is omitted) to the following three separately solvable
harmonic equations

_ (sin@f°y

sin@

6,, _ (2 £V _ — n2
An( )_0’ Anf"'(rf) Vn.f" v"f—sinze‘f (1'8)

Q,
A, =2r'Q, -(1-2p)" r'e, 1.9

Here and everywhere below the prime denotes the derivative with respect to 7, and the dot denotes the
derivative with respect to 6.
We can represent the solution of Eq. (1.9) in the form

u, =u, +i, (1.10)

n
where u}, is a solution of the harmonic equation
A, =0, 0<r<e, 0<0<n (1.11)
and u,, is a particular solution of the equation
A, =2r'@, -(1-2p)' @), O<r<e, 0<B<n 1.12)

If 0, Q,, u, have been found, we can find v,, w, as follows: we multiply relation (1.5) by sin 679/00
sin? 8, and relation (1.6) by in(sin 8), and find the difference between the results. This leads to an
equation from which to find v,

-V,u, = (sin@) {(sin?0O,) + [r(sin*Ou,))’} — inrQ, (1.13)

The other linear combination of relations (1.5) and (1.6) gives a similar equation from which to find
wn

-V,w, = in[r*@, — (ru,)’] + r(sin®) ! (sin?6Q2,,) (1.14)

2. THE CONSTRUCTION OF DISCONTINUOUS SOLUTIONS
FOR THE HARMONIC EQUATIONS

In order to construct the discontinuous solution of Lamé’s equations mentioned above, we first need
to construct discontinuous solutions of the harmonic equations for the defect (1.1). We can use the
scheme of [3, 4] for this purpose. We will apply the Mellin integral transformations to those equations
on the right, using the following notation for the corresponding transforms

“lu, (r,0)v, (r 0),w,(r, 6)]

[uns Vs ({ =5

Q,.x;fﬂ,.(r.e)r"‘dr, [©,.0 (2.1)
0

n.\'"tms’t(pru‘]

ns?
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[©,(r.0),04,(r.0),1,,(r.0), T ons (r,8)] d
.

o0
- £ r—l—s

and then the Legendre integral transformation (P (2) is the adjoint Legendre function)

n
0,4 = [0,,(8)P"(cosB)sin8dB, k=0,1,2,... (22)
0

by a generalized scheme [3].
As a result, for example, the Mellin transform 0, of the discontinuous solution of the harmonic
equation for @, (1.8) will be represented in the form

25 = (6, )K, (8.0 (O )2 K (0.0)
= ©,,P" (cos®)R" (cosw) (23)
K"s (e, O)) = z kn' k k

, = (k=ln)[(k+Hn) 2k +1
Tk Grasen | 20w = DIk RED

The upper dot is used to denote the Mellin transform of the jump of the normal derivative (to the defect)
of the functions ©,(r, 0).
Using the inversion formula for Mellin transforms, from (2.3) we find the actual discontinuous solution

. R r 2 r dp
0,(r,8)= e,)o,|l:60|-(0,) =, 60|~ 2.4
,(r,0) smwg[( ,,) "(p u)) ( ,,)am (p w):lp (24)
@, (0,0)= ¥ b p (cos@)B" (cos ), (1)
k=In) 2k +1
2k +1 %= 1 2k +12% t~°ds t*, 1<i
(bk([): - I = - = k-]
2mi q_,-,,k(k+l)—(s+2)(s+1) 2mi cZ_,-,.k(k-t-I)-s(s—l)- S & |

Later we will need the limiting values of the discontinuous solution 8, and its derivative ,,. We can
see that the following formula holds

1 R ) r
FO)=+— —si ol
©,(r.a¥0) 12(9,,) smm(j)[(e,,)am "(p Om)

-9;,d>,,-r-;,)£ 2.5
M( ) (pww]p (2.5)

The formula for ©; has the same structure, except that @, in the integrand must be differentiated
with respect to 8 and we must put 8 = ©.

The same formulae also hold for Q,(r, 8) and u}(r, 0), where we only need to replace (0;), (8,) by
(), (Q,) and (u;), (u,) since, because the particular solution of Eq. (1.12) is continuous, we have (i)
= (uy), Un) = (un)

The particular solution is constructed by applying the Mellin integral transformation (2.1) and the
Legendre integral transformation (2.2) to Eq. (1.12). As a result we will find the Mellin transform of
the solution of Eq. (1.12) into which we substitute expression (2.3), after first replacing the transforms
of the jumps by the corresponding integrals of the originals and using the orthogonality of the adjoint
Legendre functions [7]. Subsequent application of the inversion formula for the Mellin transform leads
to the formula

. R - -
()= I[<e;>¢"(§;e,m)—<en>§5¢n(§:e.w]]pdp
- 0

(2.6)

il c,mP,:"' (cos G)P,i”'(cos ®)d, (1)

e, (508.0)= 2 22k +1)
2k+3)' (" k=22 + 2k -7 (k- )k, t<1

o= {(2k T A ) e (Ut
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3. THE CONSTRUCTION OF A DISCONTINUOUS
SOLUTION OF LAME’S EQUATIONS

We shall assume at a defect that the jumps of the Fourier transforms of the stresses

Ogn(r.@=0)— Gy, (r,0+0) = (04, (r,0)) = (04, )
Tom (1@ = 0) — Tg,,, (r, 0@+ 0) = (T, (r,®)) ={1,,) @3.1)
Togn (12 @ = 0) = Tgq, (7,0 +0) = (Tgq, (1, 0)) = (Tg,)

and the displacements

(u,(r @) =(uy ), @ (r@)=@,), (w,(r,0))=(w,) 32

are assigned.

The required discontinuous solution will have been constructed if the jumps (or Fourier transforms
of the jumps) of the harmonic functions (1.8), (1.11) and (2.4) are expressed in terms of the given jumps
(3.1) and (3.2).

We do this by using Hooke’s law for the stress and displacement fields in a spherical system of
coordinates [8].

Using the above notation and changing to Fourier transforms, we then transfer to jumps (3.1) and
(3.2), and we have (G is the shear modulus)

(cen)= p ( ) (U ) Ctg(!)(ll ) (u>
26 1-2up " r’sin® r’

(T )= Glr 3 (u, Ycosecwr(r 2@, )Y (3.3)

(Ten) = G(r*sin? @) [sin (w; ) — 2 cos @{w, ) + in{u , )]
Adding another two equations

20,y = (riuyy + 2ad ) oy W) i)

sin®  sin’ rsin® rsin’®

which follow from (1.5) and (1.6) to these equations, we will find the required relations from the resulting
system

(w)=G"r*(z,,)-rsin0) (r 2,y

2 .
2 r°{Gg,) , cigaf,)  inlw,)
=L e/ + .
Hor™(©,)=—"= +r{u, ) + PRIy B (34)
Q)= {Tgn) 2ctg(o(w ) 2m(u )
" G rsin® rsin ®

It only remains to obtain similar relations for (@) and (Q,). We find these with relations (1.7).
Changing to the jumps in the latter and taking (3.5) into account, we obtain

uosinm(e;l)=_,(<v_:)'j_(l_ .n: )(U,z,) mctg(o(w)

sin“"®j}r r sin®

+H2G) ' [in(Ty, ) +sina(r(T,,))'] (3.5)

—rsin (€2, ) = in(r{u, Y +{u, )+ r¥{w, )’ - 2n? (w ) 2mctgo)( )+mr2(0'e,,)
sin’ @ sin® G
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To complete the construction of a discontinuous solution, it remains to solve Eqs (1.13) and (1.14).
These are simple to solve if we take account of the fact that

- P" (cos®)P™ (cost)
Wy e’ = k k
(8= 2 %, k(k+1)

is a fundamental function (fundamental solution) of the given equations. Thus the solutions of the
equations can be written in the form

M n(r,e)u T‘P( 6, lrz(sin2 19,,)'+[r(sin2tu,,)']’—insintrzﬂ,, I‘“

w,(r,08) insin *t[rze,, ~(ru,) 1+ r(sin® 1Q, ) (3.6)

The resulting formulae have no meaning when n = 0 (axial symmetry). Simpler formulae can be
obtained in that case. Putting » = 0 in (1.5) and (1.6) and integrating with respect to 6 (the constant
of integration turns out to be equal to zero because of the meaning of the functions vy, wp), we obtain

vo(r 0) r’0q - (ruy)’
3.7
wo(r,e) j! sintdt 3.7

Formulae (3.6), (2.4), (1.10) and (3.4), (3.5) give the discontinuous solution of Lamé’s equation for
a conical defect (1.1) with given jumps (3.1) and (3.2).

4. REDUCTION OF THE PROBLEM TO ONE-DIMENSIONAL
INTEGRO-DIFFERENTIAL EQUATIONS

It is easy to reduce any problem on stress concentration near a defect (1.1) to one-dimensional integro-
differential equations, using the discontinuous solution constructed in Section 3.

In fact it is sufficient to perform the following operations for this purpose. In Fourier transforms,
the required stress and displacement fields must be represented in the form of two terms

0 L.l
Oon =00 +Obrs Trn =Ton + s Ton = Ton + T 4.1)

u,,=u,?+u,',, v, =v,?+v,',, w,,=w,?+w,', “4.2)

The transforms of the components of the stress and displacement fields marked with a zero are taken
from the solution (1.2), allowing for (1.3)-(1.6), while those marked with a one are taken from the
formulae for the discontinuous solution of Lamé’s equation given in Section 3 which, in the general
case, contains six unknown jumps (3.1) and (3.2).

If the nature of the defect is sufficiently general, for example, if there is a fixed thin inclusion [3, 4],
one edge (side) of which 8 = @ + 0 is attached to an elastic medium, while the other 8 = @ - 0 has
become detached and does not interact with the medium, then there are six conditions on the defect

(L.1)

1 _ 0
] NP 'Ozm 4.3)

1 - 0 1 - 0
Gon IO:m—O =~Oen =0’ t"'le.—.m-o =Tm |9=¢o' K

=0 0

1 _
=Vn 0=c’ w"L=m-0 ="Wa

1
Rlo=+0

0
“nlgae’

1
Blo=w+0

(4.4)

0=

Conditions (4.3) ecnsure that there are no stresses on the detached edge (side) of the inclusion, and
conditions (4.4) ensure that the inclusion does not move. If these conditions are realized using formulae
(3.6), (2.4), (1.10) and (3.4), (3.5), the problem will reduce to a system of six one-dimensional integro-
differential equations (cf. [3, 4]).

We will demonstrate the corresponding operations on a defect (1.1) in the form of a crack. In that
case the jumps in the stresses (3.1) will be zero, since conditions (4.3) will be satisfied on both sides,
that is, both when 8 = ® + 0 and when 8 = @ — 0. Then the three conditions (4.3) need only be satisfied
relative to the three unknown jumps of displacements (3.2), formulae (3.4) and (3.5) taking a simpler
form.
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We will now discuss the method in the axisymmetric case, that is, when n = 0. Relations (3.4) and
(3.5) are even simpler in that case

<uo>)', (©o) _ (uo) , cteeivo)

. — r3
(up) = —— ) 7
sinw\ r o' r rsin®

(QO)=_____20tg(wo)’ uo(e'o)=si;:o(<uo>l) - 2(%) 43)

rsinm r resin®

sin (S ) = ~r{wp)”’
Conditions (4.3) take the form
Oy (r,0-0)=-03(r,®), 15,(r,0-0)=-13(r,0) (4.6)
Toe(r,0-0)=-13(r,®), 0<r<R

According to the formulae for the stresses, which are the same as formulae (3.3), from which the symbols
for the jumps must be removed and in which ® must be replaced by 0, and also according to (3.7)

1 ’y .0 1 ‘

Op [ug — (ruy) }sin@ — ctgOv T u; v

—8 . 0, + 2 0 0 er=__o_ 0

2G Ho r?sin@ G * _f)
| ) 4.7
o ct

T:QO— o g9 jsmno(r T)dt

Hence this problem splits into two problems that can be solved independently of one another: (1)
the axisymmetric deformation of an elastic medium with unknown jumps (4) and (v;), determined from
the first two conditions of (4.6), and (2) the torsion of the elastic medium with unknown jump (wj)
determined from the last condition of (4.6).

As an example to show how optimal integro-differential equations are obtained under conditions
(4.6), we will consider the problem of torsion, or the last condition of (4.6). The key point here is the
choice of the unknown function. It is this which defines the equation to which the problem reduces.
The optimal function in this case is the following

x(r)= (wo(r,(u)))r'I , suppx(r)={0,R] (4.8)

We will multiply both sides of the last equation from (4.6) by G™! and for the given right-hand side
introduce the notation

gy (r, @) =1_(r), suppt_(r)=[0,R)

Then substituting the expression 1:},,,, from (4.7) into the left-hand side an taking account of formulae
(2.4), (2.5) and (4.5) for Qu(r, 8), using the following, easily verified relations

o? r 91 ofr —(k+1t%, 1<1
NP 0 DN N I 1 ) L k=0,1,2,...
ap’ (b"(p) "or p? (p) £® { kRl 1>

) r r . kX, t<1
—P, - =D, ] — s G,()= » k=1921‘-'
Tor k(p] "[p] e(t) {-(k+l)"t"‘“, t>1

we obtain an integro-differential equation of Wiener—Hopf type

ctg® Ry () <
p=-=0 g<r< 4.
i x( ry+r aro [p)d 7 O0<r<R 4.9)

Its kernel is given by the formulae
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k(t) =k (t)— 2 ctg ok, (¢) ~ 2 ctg @ cosec Wk, (¢) + 4ctg2 W cosec Wk, (1)

o Q oo 1
CIGYADIES °"2")[|a<cosm)|2, B (@), (k(k)]=3 %‘—’lm,‘(m).q(m)] (4.10)
< k=1

[A (@), C{m)]= I:P,‘ (cos®), Tsin TP, (cos_‘t)j'% P, (cosw)
0

= Pk' (cos®)

@
B, () = P, (cos ®) [ sin TP, (cos T)d, a5 ;.COS )
0 ®

5. THE CONSTRUCTION OF THE EXACT SOLUTION OF THE
INTEGRO-DIFFERENTIAL EQUATION OF THE TORSION
CF AN ELASTIC MEDIUM WITH A CONICAL CRACK

We will construct the exact solution of Eq. (4.9). Following the procedure of the factorization method
(see [9], for example) we introduce the additional unknown

1,(r) = rige(r,®=0), r>R, suppT,(r)=(R,) (5.1)

which is the required shear stress on the continuation of the conical crack (1.1). Adding (5.1) with the
appropriate multiplier to the right-hand side of Eq. (4.9), we extend it over the entire axis 0 < r < oo,
Then making the replacement r = ER, p = R and carrying out a Mellin transformation we obtain a
Wiener-Hopf functional equation, given on the imaginary axis

clgw
sin®

T*(s)-T () 52
— (5:2)

X'(s)[ —sK(s)]=

where

]
[X7(s), T~()=[E ' [X(ER)T_(ER)]IE
0

T*(s)=°ft+(R§)E;‘“d§. K,-(s)=°fk,-(t)t"“dt, j=12,3,4 (5.3)
1 0

K(s) = K,(s) - 2ctgwK,(s)— 2 ctgwcosec O K, (s) - 2 ctgwky(s)]

The minus (plus) in the subscript is, as usual, taken to denote that the function is analytic in the right
(left) half-plane Re s Z 0. In order to solve Eq. (5.2), as we know [9], we must factorize the coefficient
of X (s). In order to do this, we must study the behaviour of the symbols Ki(s) of the kernels ki(t) (j =
1, 2, 3, 4) at infinity.

We will begin with the symbol K;(s) of the kernel k,(¢). We separate out its principal part. Using
Laplace’s asymptotic formula [10]

P (cosw) = 2% (mk sin m)_% cos{(k+ K)o - Vir]+ O(k'% ), k> oo

we confirm the validity of the approximate formula

AT P = 1+sink+ D)o
k()= Y """ —_— :
1) lgo 2 v k(t)+k=%,:+l 27k sin @ P 64

which will be more exact the larger we take the number ko. The resulting formula shows that the principal
part of the kernel k;(f) = ky(f) + k%(¢) will be the function
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e Py pabi]
and its symbol will have the form
K,(s)= Ctg’“+1<, ), Ki(s)= )kf(smmm(cﬂsm)'z —l)Ak(S)-
k=1 (mk)
_3 |P, (cos@)|? - A, (s) A,(s)= (1-2s)cosec® (55)

k=0 2(k+s)  k=kg+1cOsec(2k+1)0’ 2n(s+k)(s—-k-1)

and decreases as s — . Proceeding in the same way as with other kernels, i.e. identifying their principal
parts also, taking into account the asymptotic forms

A (@)=0(1), B(0)=0(?), C(@)=0(™), k—>o

we can see that the remaining symbols Ki(s) (j = 2, 3, 4) decrease ass — o and are given by the formulae

2k+D(A-9)
As+kYs-k~-1)

Ky(s)= 3 B (@)Ay(s), Ai(s)=
k=0

» ( ; )
[ 3( )’K4(s)]——-kzl ( l)

As we can see, the function to be factorized increases as O(s), s — . We will therefore represent it
in the form of the product of the function given by the formula

G(s)=1+2tgns[s”! ctg® —sin wK,' (5)+2coswK,(s)+
+2c1g oK, (s) - 4ctg? oK, (5)] (5.8)

which tends to unity as s — e, and the function s ctg ns, which has the required increase at infinity (its
factorization is known, cf. [9], for example). The function (5.8), however, is factorized by the well-known
formula (e.g. [11, 12])

1 =G
x - i_—
GH e"p[ i ) t—s

—joa

dz] RessS 0 (5.9)

Once the coefficient of X (s) in (5.2) has been factorized, the required functions X (s) and T*(s)
are easy to find in explicit form by the factorization method of [9, 12] and, as has been shown [9, p. 58],
this is best done on Eq. (4.9) with a special right-hand side, for the case where

T_(RE)=EP, Rep>0, T,(s)=(s+p)” (5.10)

With this approach we obtain the following formula for the shear stresses on the continuation of the
crack

e
T”(r’w)—ZniiT (-p)gy) (r,0)dp

rgf,’(r,w)_(_r_)" 1T 'I"G*(s)(
—1 - R

—_— 5.11
r 2mi G*(- p)_,,,l"*(s)\R) s+p’ r>R (5-11)

T ) =TUBFsC ' 1Fs)
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6. DERIVATION OF A FORMULA FOR THE STRESS INTENSITY
FACTOR. A METHOD OF COMPUTING QUADRATURES
We will first establish a formula for the shear stress intensity factor

N, =lim\2n(r - Ryt (r.0), r—>R 6.1)

for the special form (5.10) of loading the elastic medium. In order to take the limits, we must pick out
the prmc1pa1 part of the second mtegral in (5.11), which has a radical singularity. To do this we must
take into account that as s — « G (s) — 1 tends to zero, and so the principal part is contained in the
integral

r

§=._

T__Efds 1 'f T(1-s)E " ds
o T sXs+p) 2mi . I'(%-s)s+p)’ R

JNQ———I

Evaluating the last integral using the theory of residues and using formula 9.131(2) of [7], we can
write formula (6.1) as

p=- ;¥;&hm4ﬁﬂfiwnuk) ;g%ﬁ% 62)
For arbitrary loading, the formula for the stress intensity factor is
N =lim M‘tw(r,m), r-R
Using the same argument employed to obtain formulae (5.11), we arrive at the equation

_ 1 i 2 1 =T ()T ()
N= 27i _{,.T (=PIN,dp = ‘j;u I G*(s) ds

As we see, we need to know the limiting values of the function G*(s) on the imaginary axis
(Re s = 0). We will find them from (5.9), using the Sokhotskii formula (112], for instance). Consequently,
the shear stress intensity factor for an arbitrarily loaded elastic medium is given by

e [ o] oL T R

We will use the following method to compute the resulting quadratures, of which one is singular. We
change the variables

s=(c+1)o-17", =@+ 1)r-1 (6.4)

which conformally maps the left half-plane of the complex variables s, # onto the unit circle, the imaginary

axis becoming a circle y of unit radius. We then apply the quadrature formula described and justified
in [13]. Finally we obtain

2n [ 2n+1
\/7( h ¥ RO, 1+a ]
R 2n+1 ;- ()O'k—l_ 0':

— 2n T. 2n+1 2n+1
Xexp[l o, 8(T;) p O+ }

4n+2 0t -0, 7 ot}

J

~

g(‘t)—lnG(T+:)—]—
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R(c)=T‘(c+])r( 3+0 )l‘"( 2 )G(cﬂ) KB
o-1 2-20 l-o -1 1-¢

where the points 64, 7, (j,k = 0, 1, 2, . . ., 2n) divide the circle into 27 + 1 equal parts.

—

& wow

R R
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